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INVARIANT MEASURES AND LONG TIME BEHAVIOUR FOR 
THE BENJAMIN-ONO EQUATION II 

NIKOLAY TZVETKOV AND NICOLA VISCIGLIA 



Abstract. As a continuation of our previous work on the subject, we prove 
new measure invariance results for the Benjamin-Ono equation. The mea- 
sures are associated with conservation laws whose leading term is a fractional 
Sobolev norm of order larger or equal than 5/2. The new ingredient, compared 
with the case of conservation laws whose leading term is an integer Sobolev 
norm of order larger or equal than 3 (that has been studied in our previous 
work), is the use of suitable orthogonality relations satisfied by multilinear 
products of centered complex independent gaussian variables. We also give 
some partial results for the measures associated with the two remaining con- 
servation laws at lower regularity. We plan to complete the proof of their 
invariance in a separated article which will be the final in the series. Finally 
in an appendix, we give a brief comparing of the recurrence properties of the 
flows of Benjamin-Ono and KdV equations. 
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1. Introduction 

In [26j we constructed an infinite sequence of weigfited gaussian measures as- 
sociated witli eacli conservation law of the Benjamin-Ono equation. The proof of 
the invariance of these measures under the flow of the equation turned out to be 
a quite delicate problem. In |27j . we introduced an argument which allowed to 
prove the invariance of some of the measures constructed in |26j . This argument is 
less dependent of the particular behaviour of each trajectory compared to previous 
works on the subject ([SlHlIZllHlIIlIinilMlllH] •■•)■ In particular, it reduces the 
matters to a verification of an asymptotic average property of the initial distribu- 
tion of approximated problems. The verification of this property turned out to be 
an intricate problem. In |27| . we succeed to solve it for a part of the Benjamin-Ono 
conservation laws, by exploiting the fine algebraic structure of the Benjamin-Ono 
conservation laws. The approach in |27j is not applicable for the remaining cases. In 
the present paper we will deal with a large part of the remaining conservation laws. 
The new ingredient with respect to [27] will be the use of the random oscillations 
on each mode to get an orthogonality which will allow us to get key asymptotic 
average property. 

Consider thus the Cauchy problem for Benjamin-Ono equation (in the periodic 
setting) 



(1.1) 



dtu 



Hdli 



+ ud^u = 0, u(0) = uo, {t, x) eRx R/27rZ . 



From now on we shall always assume that ij'* and H'' are the Sobolev spaces defined 
on the one dimensional torus. Since the mean value is conserved under the flow 
of ()l.ip . we can assume that the zero Fourier coefficient of the solutions of ()l.ip 
is zero and for such functions H" and H^ norms are equivalent. Thanks to [16] . 

1 
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the problem (jl.ip is globally well-posed in the Sobolev spaces H'^ , s > 0. We 
refer to [H [211 [HI E [TOl [ISl EH [El Hi] for previous result on the Cauchy problem 
for the Benjamin-Ono equation. We also quote the remarkable recent paper by 
Deng L9j, where the Cauchy problem has been studied in functional spaces larger 
than L^. These spaces are large enough, so that one can show the invariance of 
the measure associated with the energy conservation law, constructed in ^2F. The 
energy conservation law is also conserved by the approximated problems and thus 
in [5] one does not need to resolve the difficulty we face here and in [Tf]. 

We note by $t, i S M the flow established in ^W and for every subset A C H'^ 
(with s > 0) and for every t £M. we define the set <i>t(A) as follows: 

(1.2) $t(A) = {u{t, .) e H''\ where u{t, .) solves (|TTT|) with uq £ A}. 

We now recall some notations from our previous paper |26j . Smooth solutions to 
(jl.ip satisfy infinitely many conservation laws (see e.g. [2]). More precisely for 
fc > an integer, there is a conservation law of (jl.ip of the form 

(1-3) Ek/2{u) = ||u||^fc/2 + Rk/2{u) 

where all the terms that appear in Rk/2 ^re homogeneous in u of order larger or 
equal to three and contain less than k total number of derivatives. Denote by Hk/2 
the gaussian measure induced by the random Fourier series 

(1-4) ^./2(-,-)= E ™^"^- 

nez\{o} ' ' 

In (|1.4p . {gn{uj)) is a sequence of centered complex gaussian variables defined on 
a probability space {il,A,p) such that g„ = gZ^ and (gn('J-'))„>o are independent. 
More precisely, we have that for a suitable constant c, (7n(a;) = c{hn{u!) + iln{uj)), 
where hn,ln & A/'(0, 1) are independent standard real gaussians. We have that 
^^k/2iH') = 1 for every s < {k - l)/2 while lJik/2{H^''-^y^) = 0. 
For any A^ > 1, fc > 1 and i? > we introduce the function 

k-2 

(1-5) Fk/2MA'^) = ( n XR{E,/2{^Nu)))xR{Eik-i),2{^Nu) - a^)e-^-/^(^"") 

where a^ = X]n=i ~ ^'-'^ ^ sutable constant c, ttn denotes the Dirichlet projector 
on Fourier modes n such that \n\ < N , xr is a cut-off function defined as XRi^) — 
x{x/R) with X : R — >■ R a smooth, compactly supported function such that xi^) = 1 
for every |a;| < 1. For fc = 1 the product term in (|1.5|) is defined as 1. We have the 
following statement. 

Theorem 1.1 (|25 ( l26 j ). For every /c G N with k > 1 there exists a /ife/2 measurable 
function Fk/2,R{u) such that Fk/2,N,R{u) converges to Fk/2.R{u) in L'^{diJLk/2) for 
every 1 < q < oo. In particular -Ffc/2,i?,(w) € ^'^(c^Mfe/2)- Moreover, if we set 
dpk/2,R = Fk/2,R{u)d^ik/2 then we have 



y SUpp(pfe/2,fl) = SUpp(^fc/2). 



R>0 



It is proved in [27] that the measures Pk/2.R^ given by Theorem ll.il are invariant 
along the flow associated with (|1.1|) provided that A; > 6 and k is even. There are 
several difficulties to prove the invariance of the measures Pk/2,R- The first one is 
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to prove convergence of solutions to the finite dimensional approximation of (jl.ip , 
i.e. 

(1.6) dtUM + HdluN + TrN{{T^NUN)dx{T^NUN)) =0, u{0)^Uq 

to the solution of (jl.ip . More precisely, if we denote by ^f (uq) the unique global 
solutions to (|1.6p . then the following estimates are needed in order to prove the 
invariance of (ipfc/2,fl: 

(1.7) 3s<a <ik~ l)/2 s.t. VS' > 0, 3t = i{S)>0 s.t. Ve > 0, 

$f (^) C MA) + B'ie), V7V > iVo(£),Vt e (-t,t),V^ C B'^iS), 

where B'^{R) denotes the ball of radius R and centered at the origin of H" . The 
proof of (II. 7p follows by classical estimates for the Benjamin-Ono equation in the 
case /c > 6 (see [26]), and it becomes more and more complicated as long as k 
becomes smaller. 

A second and more essential source of difficulty, to prove the invariance of Pk/2,Ri 
is related with the fact that the energies i?/c/2 (see (|1.3p ). that are conserved for the 
equation (jl.l|) , are no longer conserved for the truncated problems (|1.6|) , as long as 
fc > 2. A partial and useful substitute of the lack of invariance of -Efc/2 along the 
truncated flow ()1.6p is the following property, proved in [27; for fc > 6 and k even: 



(1.8) lim sup — / Fk/2.N,R{:^)dp.k/2{u) 



ds ./(j.jv^^-) 







where S(iy('^ ^^/^ '^) denote the Borel sets in i?^'^ ^^/^ '. The first contribution of 
this paper is the proof of (|1.8p for every fc > 2 (even and odd) . 

Theorem 1.2. Let fc > 2. Then p.Sp holds for every e > sufficiently small, 
every i G K and every R > 0. 



Notice that we do not consider in Theorem ll.2l the value fc = 1. In fact, as already 
mentioned the energy i?i/2 (which is indeed the hamiltonian) is preserved along the 
truncated flows (|1.6p . and this information is stronger than (|1.8p for fc = 1. 

The novelty in Theorem II. 2 [ compared with 27 , is that we allow fc = 2,4 and 
odd fc > 3. In fact, the remaining cases, i.e. fc > 6 and even, were treated in 
[2 7) . The proof of Theorem 11.21 requires some new ingredients compared with the 
argument used in [27] . The crucial novelty along the proof of Theorem 11.21 (in the 
cases fc > 3 odd and fc = 2,4) is the use of an extra orthogonality argument not 
needed in [27]. 

In order to explain where the oddness or eveness of fc plays a role we recall that, 
according with Proposition 5.4 in [37], Theorem 11.21 follows provided that one can 
show 

Jini^||Giv(uo)llL<!(dMfc/2) = 0' where Gn{uo) = --7:Ek/2{'^N'^^ {uo))\t=o- 

Indeed the reduction of the analysis at time t = is one of the key ideas in [27] . 
Although the functions Gn(uo) have an explicit expression (see Proposition (3.4) in 
[26 , ) , it could be very complicated to deal with them due to the intricate algebraic 
structure of the conservation laws Ek/2- However, once this expression is written 
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and some crucial cancellations are done, then one is reduced to prove that the 
L^{dp) norm of expressions of the following type go to zero as long as A^ — > oo: 



(1.9) E' 



j7i5ji ■■■9jn 



where Cj-^^,,,j^ are suitable numbers, gj are the gaussian variables that appear in 
(|1.4[) and the dependence on N in (|1.9p is hidden in the constraint Cn- The main 
advantage in the case fc > 6 and k even is that the L^{dp) estimate of (jl.9p can 
be done via Minkowski inequality and hence it can be reduced to the analysis of 
numerical series of the type '^^ |cji,...j„|- In the case /c = 2,4 and fc > 3 odd 
the Minkowski inequality is useless to estimate (|1.9p . and one needs to exploit 
the L^(dp) orthogonality of multilinear expressions gji---gj„- Hence we reduce the 
analysis to numerical expressions of the type ^qi |cji,...,j„P, where C'n is a large 
subset of Cn. The analysis on the resonant set Cn\C' n is then done in a straight- 
forward way. 

By combining the arguments in [27] with Theorem II. 2[ we get the following 
measure invariance result. 



Theorem 1.3. Let k > A. Then for every e > sufficiently small and every R > 0, 
the measures Pk/2,R o,^g invariant by the flow ^t defined on H^^^^'''^~'^ . 



The result of Theorem 11.31 for fc > 5 is a straightforward adaptation of [27] . 
Concerning the invariance of the measure p2,R it is necessary to prove convergence 
of solutions for the finite dimensional problems ()1.6|) to the solution of the original 
equation (jl.ip . at the level of regularity H^/^^'^. Here we perform this analysis 
following the approach introduced in [13] . This approach has the advantage to be 
quite flexible and the analysis of the invariance of p2,R we perform here may be 
useful to get measure invariance each time the local well-posedness on the support 
of the measure is of quasi-linear nature. 

The result of Theorem 11.31 implies recurrence properties of the Benjamin-Ono 
on the support of iJik/2 ■ We refer to the appendix of this paper for a more detailed 
discussion on this topic. 

The invariance of the measure Pii2,R has been proved in [3]. It is worth noticing 
that the major difficulty in [H] is the proof of a substitute of (|1.7p in spaces larger 
than L^ covering the support of Pi/2.R- On the other hand the advantage of working 
with Pii2.R is that the energy -Ei /2 is preserved along the truncated flows (|1.6p and 
not just along p.ip . 

Thanks to the work by Deng 9J and Theorem 11. 3i it remains to prove the 
invariance of pi^R and Pd,/2,R- The only remaining point to prove the invariance 
Pi^R, P3/2.R is the proof of (|1.7p . In fact, in the case fc = 2,3 the proof of (|1.7p 
would require the use of the gauge transformation introduced in [23] and the more 
refined Bourgain spaces. This analysis, and even more, is essentially contained in 
the paper [9j . We plan to give the details of this analysis in a separate paper which 
will be the last one in the series. 
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2. Some Useful Orthogonality Relations 

The aim of this section is to study orthogonahty properties of products of com- 
plex centered gaussian variables. For an integer n > 1, we set 

n 
An = {{jl,---,Jn)e{Z\{0}r\ ^Jfc=0} 

and for every j G Z\{0} we denote by gj{^) the complex centered Gaussian variable 
that appears in the j-th Fourier coefficient in (|1.4p . Next we give an elementary 
lemma that will be useful in the sequel. 

Lemma 2.1. Let g be a complex centered gaussian, i.e. g = c{h + il), where c > 0, 
/i, / G A/'(0, 1) and h,l are independent. Then for every r ^ q, r,q (z N we have 
Jg-pdp^O. 

Proof. By introducing polar coordinates we get 

nOO n27T 

= C / rP+«+ie*^('-9)e-5'-'d^dr = 

Jo Jo 

where at the last step we used that the angular integration vanishes thanks to the 

assumption r ^ q. D 

The next proposition is of importance in order to understand orthogonality of 
multilinear products of gaussian variables. 

Proposition 2.2. Let 

(2.1) (ji,...,j„),(Ji,...,Z„) e AnAjl,--Jn} 7^ {il,...,in} 

be such that 

/ gji-gj,.gn-gi,Jp ^ o. 

Then there exist I < l,m < n, with I ^ m and such that at least one of the following 
occurs: either ii — —im or ji = —jm- 

Proof. By (|2.ip we get that either 

3; e {!,...,«} s.t. ii ^ {ji,...,j„} 

or 

3fc e {1, ...,n} s.t. jfe ^ {ii, ...,i„}. 
We assume that we are in the first case (the other one is similar), and hence let I 
be fixed as above. Then we introduce 

TV; = {k=l,...,n\ik^ -ii}, 
Ml = {A:= l,...,n|ife = i,}, 
Ci ^ {/c = l,...,n| jfc = -i/}. 

Notice that M.i ^ % since it contains at least the element I. Our aim is to prove 
that A// 7^ 0. Assume by the absurd that Mi ^ %, then by independence and by 
Lemma [2TT] we get 

/ g3i--9j„gii-gi„dp = / ^.J^'i+'^'irfp / {nktMi,gil){^h<^cigjH)dp = o 
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where \Mi\ and \£i\ denote the cardinahty of Mi and d. We get a contradiction, 
therefore M ^ ^- □ 



Motivated by Proposition 12.21 we introduce the foUowing sets: 

Ai = {(ji,---,jn) e An \jk 7^ -ji yk,l} and A^^ ^An\A„. 
In particular we get 

(2.2) An — An U .4,^j and the union is disjoint. 

Remark 2.1. We shall need to consider along the paper the following sets, where 
iVe N: 

{{jl,j2j3j4)eA'i\\jl+j2\ >N}. 

It is easy to check that this set can be characterized as follows: 

{{k,h,-~k,-h),{k,h,~h,~'k)\h,ke Z\{0},\h + k\ > N}. 
Corollary 2.3. Assume that 

{ji,J2,h)Aii,i2,h) e A,{ii,J2,i3} 7^ {n,«2,J3} 

then J gj^gj^gj^g-g-g-dp = 0. 

Proof. It follows by Proposition l2.2[ in conjunction with the fact that A3 = .43. To 
prove the last identity assume by the absurd that there exists (zi, 12,^3) G A3, such 
that ii = —im for some 1 < l,m < 3,1 y^ m. Then this implies, by the condition 
n + ^2 + h = 0, that necessarily ik — for k G {1, 2, 3} \ {I, m}. We get an absurd 
since by definition of ^3 we have ii, i2 7 *3 7^ 0. D 

Corollary 2.4. Assume that 

ijl,-jn),iil,-,in) e An,{jl,-,jn} ^ {il,...,i„} 

then J gj^...gj^g—:g—dp = 0. 

Proof. It follows by Proposition 12.21 D 

Next we introduce for every j G Z \ {0}, n G N 

(2.3) A'^' = {(ji, ..., j„) G A'Jj = ]i = -jrn for some l<l^m<n}. 
Hence we get 

(2.4) ^« = U -^"'• 

Notice that in (j2.4p the union is for positive j since by definition we have 

(2.5) A'^:^=A^^^^yjeZ\{0}. 



Remark 2.2. In general the union in (J2.4I) is not disjoint. However it is disjoint for 
n = 5. In fact assume that (ii, J2, J3, J4, js) S A^'^ D .45'"' for i ^ j, i,j > 0. Then 
up to permutation we can assume ji = — j2 = j, J3 = —JA = i and hence by the 
condition ji + j2 + J3 + J4 + js =0 we get J5 =0, which is in contradiction with 
the hypothesis {ji,J2,J3,J4,J5) e A- 



INVARIANT MEASURES FOR BO 7 

Proposition 2.5. Let i,j>0 be fixed and assume 

{ji,h,J3,J4,J5) G ^5'^(«l'*2,^3,^4,^5) e -^r 

{{jlj2,J3,J4,J5}\{j,-j}} ¥" {{«l,J2,J3,i4,J5}\ {«,-«}} 

then J gn9329339j49j59i79il9il9M9i^dp = 0. 

Proof. For simplicity we can assume j — ji — — J2 and i = i\ — —ii- Since by 
assumption 

{{jl,J2,i3,i4,i5}\{j, -j}} 7^ {{«!, »2, «3, 14, is} \ {«,-«}} 

we deduce as before that either 

3/e{3,4,5}s.t. iii {i3,i4,i5} 
or 

3/ e {3,4,5} s.t. 21 i {«3,«4, is}- 
Again we only consider the first possibility, the analysis of the second being iden- 
tical. We introduce the sets 

Ni^{k^ 3,4,5|zfc = -ii}Mi - {fc - 3,4,5|^fc - ii},Ci ^ {k = ^AMjk - -k}- 

Notice that A/j = (otherwise by the constrained ii + 12 + «3 + ^4 + is = and by 
recalling that i = ii = —12, we would get i„i — where m e {1, 2, 3,4, 5}\{1, 2, /, k}, 
which is absurd since (Ji,i2, *3, *4,i5) G -^s)- Hence we get 

9]i 9j2 9j3 9ji9359hM^9h9il9i^dp 

\9l\^\9^\^m;^^'^^^^H^HM,w:){nh<^c,9J,)dp 

where |A^i|,|£;| denote the cardinality of Mi,Ci. By combining independence 
with Lemma l2.ll and by noticing that by definition \A4i\ > 1, we can continue the 
identity above as follows: 

- = / l5,flff.p5r''+"'''rfp/ {'n,^M,g-)(.'n„^c,g,,)dp = if 1*^ = |*| = |j| 
\g^g\y^^^'^dp j \9A\Tl^iMjK){^Hc.9,u)dp = if H = \i\ ^ |j| 
\g^\^g\^'W'\dpJ \gA^{ll,^M:W:){'n„^c,g,,)dp = if \ti\ = \j\ ^ |z| 

g\^'\+\^'\dp J \g,\^\g,mil,^M,W:){^htc,gj,)dp = if \ii\ ^ \Jl\^\ 
and we thus conclude the proof. D 

As a consequence we get the following useful corollary. 
Corollary 2.6. Let j e N \ {0} be fixed and 

(Jl,j2,j3,j4,i5), («1, J2,i3, J4,«5) G ^5'^ {jl, J2, J3, ^4, Js} ^ {«!, «2, i3, «4, is} 

then J gj.gj^ghgj^gjsWTgi^gilgMg^dp = o. 

Proof. Apply Proposition 12.51 with i = ?'. D 
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We conclude this section with some notations that wih be useful in the sequel. We 
need to introduce some subsets of A"^^ (see (|2.3|) ): given any couple 1 < I < m < n 
and any fixed j G Z \ {0} we define 

Notice that, since we have fixed an ordering on l,m, it is no longer true that 
^c,j,{i,m) ^ jc,-Ui,m) (^oj^paj.g ^i^h (E3). Actually ^^'^■'('■"^ and AT'''''"^ are 
disjoint. 

Of course we have that 

0<l<m<n 

Notice that the union above is not disjoint. For instance we have 

In order to overcome this difficulty we introduce the usual ordering on the couples 
{I, m) (i.e. (/i, mi) < {I2, m2) if h < I2 or li — I2 and toi < 7712). Once this ordering 
is introduce we define 

gc,,,(1.2)^|J_^c,±,,(l,2) 
± 

and by induction 

± {l,m)<{lo,mo) 

Hence we get 

(2.6) A!^^ U ^^^^■('■'"), 

Q<l<m<n 

where the union is disjoint. 

3. Some calculus inequalities 

As a matter of convention, in the sequel, we assume that a summation on the 
empty set equals to zero. The following lemma has been crucial in [5B] and |27| . 



Lemma 3.1. The following estimate occurs 

1 



y ^ = o(i^) 

^ h-||/|2 ^V N > 

\j+l\>N 
0<\]\,\1\<N 



The next lemma will be useful in the sequel. 
Lemma 3.2. For any m > 2, the following estimate occurs: 

o<bi|.....|i„|<N 
Proof. Notice that 

m rn 

\Y^jk\>N^J2\jk\>N 
fc=l fc=l 
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hence it is sufficient to prove p.l|) under tire extra condition ji, ...,jm > 0. Next 
we use induction on m (notice tfiat tfie case ?ti = 2 is the content of Lemma 13. 1[) . 
Hence we show that if we assume 

o<ii,...j„-i<w 

then p.ip (where we remove the absoiute values |.|) is true. Notice that the sum 
in p.ip can be splitted as follows: 

^m-l . ^„ Ji^^k=2Jk n^^m-i ^w ■'^^^k=2Jk 

0<ji,...Jm-i<JV 

By p.2p we get immediately In = 0[^^j^), hence the proof will be complete if we 
show 

(3.3) //^^o(^__j. 

We have that there exists C such that for every 1 < a < N, 

k—a 

The bound p.4p can be obtained by evaluating the sum by an integral. Therefore, 
we obtain 



rr C y-^ 1 / 



Em— i ■ 
"V rn — 1 ■ 



o<ii,...,i„_i<Af 

Hence the proof of p.3p (and as a consequence of p.ip ) will be completed, provided 
that: 

(3-5) E Y^- L V-S- +l ) = ""^'"^^ 

0<]i.,....]^-i<N 

and 

(3-6) V . . 1-. . f T-^^ir— 1 = 0(ln N\ 



Y \ f \ 



o<ii,...,i™-i<Ar 
for every Z = 2, ..., to — 1. Notice that the l.h.s. in p.Sp can be estimated as follows 

1 / -ST- 1 

< 






0<i2,...J™-i<Af '==2 Jk o<ji<N^J2 



k = 2 ^k 



and hence we get p.Sp . Concerning p.6p we can assume by symmetry that / — 2, 
and in this case the r.h.s. in (13.61) can be written as follows: 



^ 1 1 

2^ 7w^~m\ 2^ 



,1 .o.T'"^-'^'''^ 

0<jl,J2,.'..,jrr,-l<N 
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(for TO = 3 the product H^'^g^ is assumed 1). As a consequence p.6p follows 
provided that 



(3J) 



»( 

>1 ^ 1< 



E 



1 



sup I sup /^ . . ^^ 

0<]l-j2,---,3,^-l<N 



< CXD. 



For fixed N and J, we can write 

1 



2^ ^•. -,■ rr™-iw2 — 2^ 



o<iij2,...,im-i<JV 



fc = l Jk—'J 
0<jl,J2,---,]m-l<N 



1 1 



3l J2 ^ ttfc=3 Jfe 



j>0 

< c. 

This completes the proof of Lemma [221 
Lemma 3.3. The following estimate occurs: 



J' 



O 



\ 



^ fl^ WN^ 



\j+l\>N 
0<|;|<Ar 



E 

0<\j\<N 



Proof. As in the proof of Lemma [3T2l it is suflricient to prove the estimate under the 
extra condition < j,l < N. Using p.4p . we obtain that for every j > {j < N) 
fixed one has the bound: 



N 



Cj 



^ - f(N + \-j)N' 

l=N-j+l -^ ^ •' ' 



Hence we get 



E 

0<j<N 



V 4n<c4= E 



\ 0<i</ 



0<i<Af 



VW+^^J) 



The proof of lemma follows by the following chain of inequalities: 
1 



y - 

ot^NVjiN + l-j) 



< 



E •••+ E • 

Q<j<N/2 N/2<j<N 

E T^+ E 



0<j<N/2 " ■' N/2<j<N 

C 



C 



^N{N + l-j) 



< — E 77 



^0<'^A^^^ 



< C 
This completes the proof of Lemma 



D 
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Lemma 3.4. The following estimate occurs: 



^ l^=0(iVlniV). 

\j+l\>N 
0<\j\M<N 



Proof. We can assume, arguing as in Lemma l3T2l that j, / > 0. Hence by elementary 
computations we get: 



E F E ^-l E ^[NiN + l)-iN~l)iN~l + l)] 
:n o<i<N 

\ J2 ji2N+l-l)^0{NlnN). 



0<1<N N-l<j<N 0<1<N 



2 ^-^ / 
0<1<N 

This completes the proof of Lemma [331 D 

4. Proof of Theorem 11.21 for fc = 2 
First we recall the explicit expression of the energy 

(4.1) Ei{u) = \\u\\l, + ^ fu^H{u,)dx + i fu'^dx. 

k/2 

Next we introduce the sequence of functions G^ , fc = 0, 1, 2, defined as follows: 

d 



t=o 



Gjv : supp(/ii) 3u^ — Si(^7rAr$f (u)) 
Gn^ ■■ suppifii) 3u^ — i^i/a^TTTv^f (u) 

G% :supp(Aii)9ui-^ dt("''^^*^^"^"^'/t=o 
where tim is the projector on the Fourier modes n such that \n\ < N. According to 
Proposition 5.4 in [27], Theorem ll.2l for k — 2 follows from the following proposition. 

Proposition 4.1. We have 

2 

lim ^||G5v/^(u)||L2(dpi(n)) =0. 



N 

k=0 



Proof of Proposition\Jl\ The property limAr^oo Y.k=o 11^^ (")IU2(d/ii(«)) = fal- 
lows from the fact that Ei^2i''^N^t' (u)) = const and ||7rAr<i>^(u)||^2 = const. Hence 
we shall focus on the proof of ||G\r(u)||L2(dpi(u)) — >■ as A^ — >■ cx). In the sequel we 
shall use the notation 7r>Ar = Id — ttn- We have the following explicit expression 
ofG^v- 

Lemma 4.2. For every N d N and for every u G supp(/ii) we have 

(4.2) G]v(m) = ~7 / {T^Nu)'^dx{nNu)Tr::,N{{TrNu)'^)dx. 
Proof. First we recall that, by Proposition 3.4 in [37] and (|4.ip . we have: 

(4.3) —Eii^nN^^iu)j _ = 2 / '^NT^>N{uNdxUN)H{d^UN)dx 

+ T {uNfHTTyNdx{uNdxUN)dx+- / TTyN{uNdxUN)u%dx 
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= iNiu) + IIn{u) + IIIn{u) 

where u^ = ttnu. Notice that if we denote by uj^ (resp. u~) the projection of um 
on the positive (resp. negative) Fourier modes then we have ^^^{u^u^) = and 
hence we can deduce (see [26], [27] for more details) the foUowing identity: 

In{u) = 2 / '^>N{u'l^H{dxU%))nyN{uJ^da;Ujj)dx 

+ 2 / T^>N{H{dxU]^)u]^)nyN{u^dxU'^)dx 

and hence by definition of H 

3 

I — 
2 



*o / T^>N{u]^d^ulj)TTyM{u^d.j,Uj^)dx 



+i- / 7r>jv(9^w^Ujy)7r>Ar(w+9j.u^)(ix == 0. 
Similarly we have 

IIn{u) = ^T / dx{uNfHTi-^iq{u^dxUjj)dx- - j d^{u^Y HTiyN{u^d^u^)dx 
= ~*o I dxT^>N{u^YdxTryN{u^Ydx + i- I dxT^yN{u^fdxT^yN{u^Ydx = {). 



Hence we get by 

— SlfTTjV^f (u)J = - / TryN{uNdxUN)u%dx. 

The conclusion follows by integration by parts. This completes the proof of Lenimal 

D 

Let us come back to the proof of Proposition l4. II In order to prove ||Gjv(u)||2,2(j;^j(„)) 
tends to zero as TV — >• oo, we plug in the r.h.s. of (|4.2p the random vector (|1.4p 
(where we fix A; = 2) and we are reduced to prove (see [26] and [27] for similar 
reductions in the case of higher order conservation laws) 



(4-4) E 



J39h9j29j39H9j5 



\ji+J5\>N 

(jl J2 J3,i4,i5)e^5 



-> as A^ — ^ oo. 

L2(dp) 



Notice that by combining (|2.2p with the Minkowski inequality, it is sufficient to 
prove that: 

\\FN\\L^dp), \\F^\\L^dp) -^ 

where the functions F^ and F^ are defined as in (|4.4p with the condition j € A^ 
replaced respectively by j G A5 and j G A^ (where we used the notation j — 
(ji)j2, J3, J4, js))- In order to estimate \\FN\\L^(dp) we use Corollary [2]4] and by 
orthogonality we get: 

0<\ji\A]2\,\ji\,\]a\<N 

\J4+J!,\>N 
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where the last step we used the fact that IJ4+J5I > N nuphes max{|J4|, |J5|} > N/2. 
Next we estimate \\F^\\L^{dp), i-e- 



E 



j3gjigj2g339H935 



0<\jl\,\J2\,\j3\,\ji\.\j5\<N 

\ji+]s\>N 

Ul,J2:J3:J4.:JB)eA'^ 



Ijl||j2||j3|b4||j5 



L^(dp) 



-^ as N ^- 00. 



Notice that by (12. 4p (where the union is disjoint for 71 = 5 by Remark l2.2p and by 
Minkowski inequahty, it is sufficient to prove that 



N 



u 



y^ J3gn9j29j39h93, 

,--1 ■■n^l- M- I rYl- I I- I^M Iillli2||j3||j4|b5| 

J-1 0<\jl\,\j2\,\33\,\j4,\,\j5\<N 
\J4+J5\>N 

Ul-,h:J3:J4,:J5)eA'i^'' 



L^{dp) 



as A^ -> 00 



that in turn due to (|2.6p foUows by 



N 



(4.5) 



y^ J39n9n93393i9h 

\34+J5\>N 



u 



L^{dp) 



Ui,32,33,3i,3B)eBl 



<!,j.l.l,m) 



with il,m) = (1,2), (1,3), (1,4), (1,5), (2, 3), (2, 4), (2, 5), (3, 4), (3, 5). Indeed we 
have excluded the possibility (^,m) — (4,5) since for every {ji,J2,J3,ji,J5) G 
iBj'"' ' we get |J4 + J5I = li — il = which is in contradiction with the con- 
strained I j4 + J5 1 > N that appears in (|4.5I) . Notice that we can also exclude 
(Z,m) = (1,2) since for any (ji, J2, J3, J4, J5) € Bl'^'^^''^'^ with |J4 + js] > N, we 
have N < |j4 + jg] = |ji + J2 + J3I = \j - J + jsl = 1^31, which contradicts the 
condition \j^\ < N that appears in (j4.5p . By similar argument we can exclude 
{I, m) = (1, 3), (2, 3). Next we prove (14. 5p by considering separately all the possible 
remaining values for the couple {I, m). 

• {I, m) = (1, 4) (it is similar to (/, m) = (1, 5), (/, m) = (2, 4), {I, m) = (2, 5)). 
Then by Corollary 12.61 and Lemma 13.31 we estimate the contribution of 



b: 



cj,(l,4) 



to (|43t by 



1 



N 

\J4+3s\>N 



( E 



^^E( 

J4 = l 



E 

0<|J5|<JV 
Ii4+J5|>A 



|J4|'^|J5| 



= 



"n)' 



{I, m) — (3, 4) (which is similar to the case (Z, m) = (3, 5)). In this case, by 



Corollarv l2.6[ we estimate the contribution of B 



cj,(3,4) 



to (1131) by 



N 

E( E 

J4 = l 0<|jl|,|J2|,b5l<A' 

b4+i6|>w 



|jlPb2P|j4Pb5P 
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N 



J4 = l 0<\]5\<N 

\ji+J5\>N 






where we used Leinnia 13.31 at the last step. 
This completes the proof of Proposition 14.11 D 



5. On the structure of conservation laws 

The aim of this section is to recall some notations (for more details see [26]). 
Given any function u{x) S C°°{S^), we define 

V^{u) = {d^'u,Hd^'u\aieN}, 

V2{u) = {d^'ud^-u, {Hd^^u)d^-u, iHd:^u)iHd:-u)\a,,a2 G N} 

and in general by induction 

ft 
^nH = {l[H''PJM\^l,.■.,^k e {0,1}, 

ft 
^ji = n,ke {2,...,n} and p^, (u) ePj,{u)j 



1=1 



1=1 



where H is the Hilbert transform. Notice that for every n the simplest element 
belonging to Vn{u) bas the following structure: 

n 

(5.1) Y[d^^u,a^en. 

i=l 

In particular we can define the map 7'„(u) 9 Pn{u) — > Pn{u) G 'Pn(u) that as- 
sociates to every Pn{u) G Vniu) the unique element Pn{u) G Vn{u) having the 
structure given in (|5.ip where d"^u,d"^u, ...,d""u are the derivatives involved in 
the expression of p„(u) (equivalently Pn(u) is obtained from Pn{u) by erasing all 
the Hilbert transforms H that appear in p„(u)). 
Next, we associate to every p„(u) G Vniu) two integers as follows: 

n n 

if p„(w) = TT9"*u then |p„(u)| := max ai and |bn(w)|| := y^ai. 

-■--*- i— l,..,n ■^^ — ^ 

1=1 i=l 

Given any even /c G N, i.e. /c = 2n, the energy £'fc/2 (preserved along the flow of 
Benjamin-Ono) has the following structure: 



(5.2) E^f^iu) ^ \\u\\l^ + J2 C2n{p) I p{u)dx 

+ E C.2n{p) / p{u)dx 



p(«)e'P3(«)s.t. 

p(u)=ud2~^ud^u 



p{u)£'Pj{u)s.t.j=3,...,2n+2 

\\p(u)\\=2n-j+2 

|p(u)|<n— 1 
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where C2n{p) G R arc suitable real numbers. For /c G N odd, i.e. k = 2n + 1, the 
energy £'fe/2 has the following structure: 

(5.3) Ek/2{u) ^ ||w||^„+i/2 + ^ C2„+i(p) / p{u)dx 

p(u)£'P3{u)s.t. 
p{u)=ua"ud"u 

+ ^ C2n+l{p) j p{u)dx 

p{u)GVj{u)s.t.j=3,...,2n+3 
||p(«)||=2n-i+3 

\p{u)\<n 
p{u)^ud^ ud!^ u 

where C2n+i(p) G M are suitable real numbers. Observe that E]^/2{u) can be ex- 
tended from C°°(5i) to H^/'^{S^). 

Next we introduce another useful notation. Given any p{u) £ U^2^n(^) ^^'^ 
any N G N then we can introduce p*j^{u) as follows. Let p{u) be such that 

n 

p{u)^l[dS'u 

for suitable < ai < ■•■ < On and a^ G N. First we define p* j^{u) as the function 
obtained by p{u) replacing 9"'(u) by d'^^{'KyN{udxu)), i.e. 

(5-4) KAr(") =?'(")|o?'«=ax°'(^>iv(nax«))' ^* = 1'-'" 

where 7r>jv is the projection on the Fourier modes n with \n\ > N. We define p*j<f{u) 

as follows: 

n 

P*n{u) =^pIn{u)- 
6. Proof of Theorem 11.21 for fc = 4 



Recall that 



(6.1) E2(u) = \\u\^^^~ - \\{ux)'''llux + 2uuxxilu3\dx 

+ — / [5u2(Ma;)^ + u^iH{ux)f + 2uH{ux)H{uUx)]dx 

i ^32 ^ ''^ 24 ^ '^ 48 7 

We introduce the functions 

G]i'^ ■■ SUpp(/i2) 3 UO ^ —Ey,/2\T7N^t{'^0)) _ 

G% : supp(Ai2) 3 ua ^ — S2(7rjv$f (uo)j _ 

and we recall that the functions G% , Gj^ , G]^ are defined in Section SI Accord- 
ing with Proposition 5.4 in [27 , Theorem 11.21 for fc = 4, follows by the following 
statement. 

Proposition 6.1. We have 

4 

lim V||G5y/^(u)||i2(rf^3(„)) =0. 
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Proof of Proposition \6.1[ As in the proof of Proposition 14. II it is sufficient to prove 
lim llG^/'HIU^f,^,) + ||G^(w)|U.(rf^,) = 0. 

iV — >oo 

6.1. Proof of |lG^(u)||i2(rf^j2) — ^ as iV — ^ oo. Along the proof we denote by 
M^ (resp. u~) the projection on positive (resp. negative) Fourier modes of u. By 
looking at the explicit expression of G^(u), that follows by Proposition 3.4 in [?7] 
and (|6.ip . it is sufficient to prove that 



(6.2) lim II / p^(7rjvw)rfa;||L2(dAi2) =0 

N — ^oo J 

(see section [S] for the definition of p^(u)) where p{u) is one of the following: 

(6.3) [uxYHux.uu^^Hux, 

First, we prove ()6.2p in the cases p{u) = uUxxHux,p{u) — {ux)^Hux which are 
the most delicate terms. The remaining terms, that involve less derivatives, will be 
treated at the end via a general argument. 

First case: proof of (|6.2p for p{u) = uUxxHux 

In this case we get: 

(6.4) p%{u)dx ^ TryN{uUx)uxxHuxdx + uUxxTr>NH{uUx)xdx 



+ / uHuxTT>N{uUx)xxdx = In{u) + IIn{u) + IIIn{u). 
Hence it is sufficient to prove that 

||/Ar(7rAru)||i2(d^2), \\IIN{■KNu)\\L2(d^,^), ||///Ar (7rjvw)|| i2(d^2) ^ as iV ^ CX). 

For simplicity we introduce u^ = ttjvu, hence by integration by parts and by 
recalling that 7r>jv(M^u^) = we get: 

IIIn{ttnu) = - / TTyNdx{uNHdxUN)nyNdx{uNdxUN)dx 

TT>Ndx{u%HdxU+)TryNdx{u]^dxU~)dx 

,+ a „,+ ^ 



■K>Ndx{uj^HdxUj^)Ti-^Ndx{u%dxUjj)dx 
i / TryNdx{u%dxU%)TTyNdx{u~^dxUjj)dx 



-i / nyNdxiuj^dxUj^)'K^Ndxiu^dxujj) =0. 
Concerning IIm{t^nu) (see (|6.4I) for definition of IIn{u)) we have: 

IlN{n]yU) — / UNdxU]\fTTyNH{u]\fdxUN)dx + / U]ydxUNT^>NH{dx'U'NdxUN)dx 

■^>Niujjdlujj)TryNH{u~dluJf)dx+ / 7r>Ar(w~a^w^)7r>AriJ(u+5^M+)da; 
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Tr>N{uJid^uJf)Ti>NH{dxUj^dxUj^)dx+ / ■n>N{u^d^Uj^)'K>NH{dxU%dxU%)dx. 

Notice that the first two terms on the r.h.s. cancel, due to the definition of H , and 
hence it is sufficient to prove 



and 



'^>N{uJid^u%)'K>NH{dxUj^dxUj^)dx\\L'2(^^^^) -^ {) a.s N 



'^>N{uj^dlu^)TTyNH{dxU+dxul;)dx\\L2(at,2) -^i) as N 



oo 



in order to conclude \\IIjs[(t:is[u)\\i^2(^ii^j^^'^ — > as A^ — > oo. To prove the first estimate 
above (the second one is equivalent) we replace u by the random vector (|1.4p where 
k = A and we are reduced to prove: 

y^ 9n9j29j39u 

„^i. I i-i^, ,. ,.„ Iiipb3||j4| 

0<bi|,b2|,b3l,b4|<JV 

jl,J2>0,J3,J4<0 

\J3+]4\>N 
(jl,J2,J3,ji)<^Ai 



(6.5) 



L^idp) 



—> as A^ -^ OO. 



Notice that by combining (j2.2p with the Minkowski inequality, it is sufficient to 
prove (j6.5p where the condition j € A4 is replaced respectively by j G Ai and 
j £ A% (where we used the notation j — (ji, J2, J3,i4))- In the first case (i.e. we 
have J S Aa in ()6.5p ) we can combine an orthogonality argument with Corollarv l2.4l 
and the estimate follows by: 



0<\]l\,\33\,\jM<" 
\J3+ji\>N 



o 



where we used the fact that |j3 +J4I > N implies max{|j3|, |J4|} > N/2. In the 
second case (i.e. we have j € A% in (16.51) ) we can combine Remark 12.11 with the 
Minkowski inequality and the estimate (|6.5p follows by: 



E 



0<\h\,\k\<N 
\h+k\>N 



\h\\kV- 



O 



\nN 



where we used Lemma |3. II 

Next we prove \\lNi'^Nu)\\L2{dfj.2) 
(|6.4p ). This estimate is equivalent to 



E 

0<liiMi2|,|j3l,lJ4|<w 

\3l+32\>N 

(jl J2 ,J3 J4)e^4 



{signji) 



as iV 



9ji9j29j39j4, 



00 (recall In{u) is defined in 



b-lP|j2||j4| 

and in turn, by Minkowski inequality, it follows by 

y '— 

b'i+i2l>A^ 
where we used Lemma [XT] at the last step. 

Second case: proof of (|6.2p for p{u) = u^Hux 



L^idp) 



asiV 



O 



\ N ) 
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In this case we get 

(6.6) p%{u)dx~2 I 'KyMdx{udxu)dxuHdxudx + {dxu)^ny]ydxH{udxu)dx 



= 2 / ny]y{dxudxu)dxuHdxudx + 2 / T:yN{ud^u)dxuHdxudx 

[dxu) ■KyMH{dxudxu)dx + / {dxu) ■KyMH{ud^u)dx 

= In{u) + IIn{u) + IIIn{u) + IVn{u). 
To conclude the proof we shall show that 

||/Ar(7rAru)||i2(^^^), \\IIn{j^nu)\\l2(j^^^^) -> as iV -> oo 

(by the same argument we can prove ||///Ar(7rAru)||i2(rf^2)' ll-^^w('^Af")llL2(dAi2) 
0). The property ||/jv(7rAru)||x,2((;^2) — > is equivalent to the following one 



(6.7) 



E 



(signji) 



931 932 933 9u 



0<|il|,|i2l,b3l,b4|<Af 

\3l+32\>N 

Ulj2,J3,ji)&Ai 



Ijl||j2|b3||j4| 



L^(dp) 



-^ as N ~^ oo. 



By combining ()2.2p with the Minkowski inequality, it is sufficient to prove (|6.7p by 
assuming that the condition j G A^ is replaced respectively by j G A^ and j G Al 
(where we used the notation j = (ji, J2, Ja, J4))- In the first case (i.e. we have 
j G Ai in (|6.7p ) we can combine an orthogonality argument with Corollary 12.41 and 
the estimate follows by: 



\J3+3i\>N 



< 



E 



0<\33\.\J4\<N 
\33+3i\>N 



|j3Pb4p 



o 



N 



where we have used the fact that \J3 + J4I > N implies max{|J3|, \J4\} > N/2. In 
the second case (i.e. we have j G Al in (|6.7p ). we can combine Remark 12.11 with 
the Minkowski inequality and the estimate (|6.7p follows by: 



E 



1 



0<\h\,\k\<N 
\h+k\>N 



\h\'H^ 



o 



Q) 



where again we have used the fact that |/i + fc| > iV implies max{|/i|, |fc|} > N/2. 

Next we prove \\IlN{'!^Nu)\\L^(^dfj.2) — >■ as A^ ^- 00 (recall IIn{u) is defined in 
(j6.6p '). This estimate follows by 

J 9ji 9j2 9j3 9j4, 



V {signji)-. . 121 ■ II ■ I 

n^r n-T^ ir K-M Ji J3j4 

\3l+32\>N 

(jl J2 J3 j4)e-44 



that in turn can be proved following the proof of (J6.5I 



L^{dp) 



as iV — >• 00 



Third case: proof of (|6.2p where p{u) is 



any 



of the remaining terms in (16.3 
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It is sufficient to prove the following fact (here we use notations introduced in 
Section [5]): 

(6.9) iipiu) e Vkiu), fc > 4, \p{u)\ < 1, \\p{u)\\ = 2 



then II / p^(7rArM)da;||i2(<j^^) -> as A^ ^ oo. 

We first show how to treat the simplest terms that satisfy (|6.9I) . i.e. p{u) — 
u^~^ d'^udtl:u with < i', /i < 1 (see the end of the proof for a comment on how to 
treat the general terms that satisfy ()6.9p ). By looking at the explicit expression of 
p*j^{u) it is sufficient to prove that 

||^w(u)||L2(d^,), ||GAf(w)||L2(d^^), \\HNiu)\\L2(df,2} -> 



where 



Fn{u) = / TTyN{d^UNdluN)u''j^ "^d^UNdx 



Gn[u) = / 7ryN{d"uNd:cUN)u% '^d'^undx 



Hn{u) = I TTyN{uNdxUN)u% ^d"uNd!^UNdx 



with a, /3 G {0, 1} and as usual un — ttjvu. 

Notice that ||F;v(M)||L2(d^2) — > as A^ — > oo is equivalent to 

(6.10) Y. an-9,.+ 



\h+h\>N 



L^{dp) 



as A^ — )■ oo 



that in turn due the Minkowski inequality follows (recall that 0<a,/3<l)by 

^ liJliJ2 U-J2|„-,_, I ^ 



'^<\n\,\33\,---,\]k+i\<N 
Oi,---,ifc+i)e^fc+i 

where we have used Lemma l3.2l and we have replaced the condition |ji +J2I > iV by 
|j3 + ... + jfc+i| > N, since ji + ... + jk+i = 0. By the same argument one can prove 
1 1 Gat (u) 11^2(^^,2) ^ 0- Concerning the proof of \\H]y{u)\\L2(^dfj,2) -> as A^ -> 00 it 
follows by 

v^ 9ji---9jk+i 



o<,.M.2,,...,,...„J^^I^I^^II^^I^-l^-^l^l^^l^-"l^-^l^-' 

\3i+J2\>N 

(ii,---,ifc+i)6-4fc+i 



-> as A^ -> 00 



that in turn due the Minkowski inequality follows (recall that < a,/3 < 1) by 
„<,,,,^t,,^^,,J.iPb.|b3P...b.-iPb.|b..i| I A. ) 

\3i+J2\>N 

where we have used at the last step Lemma |3. II 

Hence we have proved (|6.2p in the case p{u) = u'^d!;^ud^u. Notice that the 
argument above is based on the Minkowski inequality and it does not involve inte- 
gration by parts. In the case that some H appears in the expression of p{u) (that 
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we assume to satisfy ()6.9p ). then exactly as above we are reduced to estimate lin- 
ear combinations of multilinear products of Gaussian functions of the type (|6.10p , 
where eventually the coefficients can be affected by the multiplication by complex 
numbers of modulus one (that could come by the action of the operator H). How- 
ever this fact does affect the possibility to apply the Minkowski inequality and to 
conclude as above. 

6.2. Proof of \\G^ {u)\\L^{dn2) — > as iV -^ cx). In Section[8]it is proved 



N 



lim \\gT{u)\ 



= 0. 



-i3/2 



We claim that it implies limAr^oo \\Gj^ (u)||L2(d^2(ji)) ~ 0, and hence the end of the 
proof of Proposition 16. II In fact, by looking at Section |51 one can deduce that the 



property \\G^N'^{u)\\L^dt,, 



3/' 



:M) 



as iV — > CXI, follows by 



II / PAr(l'W'")llL2(dAi3/2(«)) ^0 as N ^ oo 

where p{u) are the terms that appear in the structure of i?3/2 (see ()5.3p ). More 
precisely given a suitable p{u), the property above follows by computing explicitly 
p^(u) and by plugging in the corresponding expression the random vector defined 
in (|1.4p for /c = 3. Hence everything reduces to prove: 



(6.11) 



H c(ji, 

\h\,-,\Jk\<N 

\jl+J2\>N 

(ji,---,Jfc)6-4fc 



■■,jk) 



9ji---9jk 



\ji\"'-\jk 



L2(dp) 



asiV 



■■■,Jkj 



= 1. In case we are interested to 



as N ^!- oo 



for suitable ai,...,ak and where |c(ji, 
prove 

II / P*NiT^Nu)\\L^(dfj.2iu)) 

(where p{u) is the same as above) then we can argue in the same way, with the 
unique difference that we plug in the expression of p^ (u) the random vector (|1.4|) 
with k — A, hence we reduce to 

9ji-9jk 



(6.12) 



E 

\jl\:---:\jk\<N 

\J1+J2\>N 
Ul,---,3k)&Ak 



c{ji,--,jk) 



|J: 



1^1 



Ukl 



L^dp) 



as A^ — ^ oo 



where /3i,...,/3fe satisfy /3j > aj. In fact this monotonicity is a reflection of the 
fact that the coefficients in ()1.4|) have a stronger decay for fc = 4 than for fc = 3. 
Moreover the proof of (|6.1ip (that we give in section [8|) it only depends on the 
decay of the coefficients , . lai j. i q^, and not on the oscillations of Lpj^...ipj^ (that 
are exclusively exploited to perform some orthogonality arguments). Hence the 
same proof works to prove (|6.12p . due to the stronger decay of the coefficients. 
This completes the proof of Proposition 16.11 D 



7. Estimates for 



J P*ffiTTNu)dx 



i^(<iMm + l/2) 



The proof of the following lemma is inspired by Lemma 9.1 in [26]. We recall 
that 7r>Ar denotes the projector on the Fourier modes n such that |n| > N, and 
hence ttn + 7r>w = Id. 
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Lemma 7.1. Let u{x) ~ J2j=-n'^j^^''^ '"^^^^ "^o — 0, and u+(a;) ~ X]i=i Cje'-'^, 
u^ [x) = X^fc-AT Cj-e*-'^. r/ien i/ie following identities occur: 

(7.1) f u{Hd;^u)d;^Hn>N{ud^u)dx:^ f ud^u{d^TT>N{ud^u))dx 

in „ 

for suitable coefficient a^ € C. Moreover 

(7.2) f u{d^u)d^Hn>Niud^u)dx + f u{d^n>N{ud^u))iHd^u)dx = 0. 
Proof. We first prove the second identity in (|7.ip . We have the following identity: 

f ud^u{dl''Tr>Niud^u))dx = i f TT>Niud^'u)idl''7r>N{d^u^))dx 
and by the Leibnitz rule 

.... = / TTyN{ud^u)d^{TryN{ud^u))dx 



III, n 

+ ^aj / 7r>Ar(ua™u)7r>Ar((9^u9™+-^^-'w)da;. 
j=i -^ 
We conclude the proof since J TT-^[^{ud^u)dx{TT^j^{ud^u))dx — 0. 
Next we prove the first identity in (j7.ip . By using the property 7r>7v(u^w^) = 
we deduce: 

u{Hd!^'u)d^'HTT>N{ud^u)dx = [ TT>N{u+Hdl''u+)dl''Hn>N{u-d^u-)dx 



+ / nyN{u- Hdl''u-)d^HTT>N{u+d^u+)dx 
and by definition of Hilbert transform 

(7.3) ... = [ TTyN{u+{d:^U+))dl-TT>N{u~d^U-)dx 



+ / nyN{u~d^u-)d^n>Niu+d^u+)dx. 
On the other hand by using again 7r>Ar(M+M^) = we get 

ud^ud^^TTyN{udxu)dx = 



7r>A(w 9™u+)9™7r>Ar(u dxU )dx + / 7r>jv(w 9™-u )d^7r^Niu^dxU^)dx 



We conclude the first identity of ()7.ip since the r.h.s. in the above identity, is equal 
to the r.h.s. in (fTSj) . 

Next, we focus on (|7.2p . By using again the property 7r>Ar(w+u^) = we get: 



ud^u{Hdl''n>N{udxu))dx + / u{Hd^u)dl''n>N{udxu)dx ^ 
TT>N{u+dl''u+)d^HnyN{u'dxU-)dx + f T:yN{u- d^u-)d"^'HTTyM{u+dxU+)dx 
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and we can continue 

... —i I TT-yN{u^ d'^u'^)d^TTyN{u~ dxu'')dx 



-i / 7r>Ar(u 9™u )d^TT^N{u^dxU^)dx 
-i / 7r>Ar(u+5™w+)5™7r>Ar(u"9j;-u~)da; 



+i / 7r>Ar(u^9™u^)9™7r>Ar(u+(9a;M+)da: = 0. 
This completes the proof of Lemma [73] 
Lemma 7.2. For every m > 1 we have: 



a 



(7.4) 
where: 



lim 

N—i-oo 



P%{TTNu)dx 



L^(dfi„ 







p{u) = u9;"w5™u,p(w) = u{Hd"^'u){Hd^u) and p{u) ^ u{Hd^u)d^u. 

Proof. We shall focus on the case p{u) = ud"^ud™u (for p(u) = u{Hd"^u){Hd™u) 
then it is sufficient to repeat the argument below). 
We can write explicitly 



(7.5) J pUu) = j ^yN{ud.,u){d:^u)d^u 

+ 2 f ud^ud^{TT>N(.udxu)) = In{u) + 2IIn{u). 

Next, we prove that 

||/jv(7rjvM)||L2(d^^^^^^(„)) -^ and \\IlN{j^Nu)\\L'^(d^,^^^^^(u)) ^ as iV ^ cx). 
In fact the property \\IN{^^Nu)\\L^(d^i^^^/2) ~> is equivalent to 



(7.6) 



E 



9ji9J29j39ji 



o<b"i|,b"2Mj3|,b4|<A' 

\]i+32\>N 

{jld2,J3,J4,)eA4, 



|j^|™+l/2|j-2|™-l/2|^3|l/2|j-^|l/2 



LHdp) 



-^ as N ^!- (X). 



By combining (|2.2I) with the Minkowski inequality, it is sufficient to prove (|7.6p 
where the condition j G A4 is replaced respectively by j € ^4 and j S .Al (here we 
used the notation j — (ii, J2, J3, i4))- In the first case (i.e. we have j G Ai in (|7.6p ) 
we can combine an orthogonality argument with Corollary 12.41 and the estimate 
follows by: 

1 



E 



0<|jiMi2|,b3|,|j4|<A' 

\ji+32\>N ^ 

{jl,J2,J3,J4)£A4 



\J 



i, lani+lU- |2m-l|„-. 



J2I 



His 11^4 I 



<c 



E 



0<|ji|,b2Mi3l,|j4|<w 

\]i+32\>N 



|J1P|J2||J3||J4| 



o 



An^ N 



N 
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where we we have used Lemma 13.11 In the second case (i.e. we have j e A1 in 
(|7.6p ) we can combine remark \2A] with the Minkowski inequahty and the estimate 
(TTB)) foUows by: 



E 



0<|/i|,|fc|<JV 
\h+k\>N 



1 _ /InTVN 



where we used Lemma |3. II in conjunction with the fact that m > 1. 

Next we prove ||//A'(7rArM)||i2(^^^^ ) — >• (where IIn{u) is defined in (j7.5p ). By 



(|7.ip in Lemma FOI we are reduced to prove 
where 



IIjfiTTNu] 



-£'^(<iMn, + l/2) 



-^ as A^ -^ oo 



lPj^{u)^ I 7r>Ar(u9™M)7r>Ar(5^M5™ ^+^-u)da;, j = l,...,m. 
Hence we are reduced to prove for j = 1 , . . . , to that 



o<b'i|,b'2|,b3Mi4|<Af 

|J1+J2|>A' 
{jlj2,J3,J4)eA4. 



|jl|'"+l/2b2|l/2|j3|™+l/2-.|j4p--l/2 



L2(dp) 



whose proof foUows by a similar argument used along the proof of (|7.6p . 

Concerning the proof of (I7.4p in the case p(u) = u{HdJ^u)d^u, notice that we 
have 

P*n{u)= /'^>jv(wa,M)(iJa™u)9^u+ f ud:^ud^in>NH{ud,,u)) 

+ f uiHd^u)d^{n>Niud^u)) = In{u) + IIn{u) + IIIn{u). 



By (|7.2p we get IIm{t^nu) + IIIn{t^nu) — 0, hence it is sufficient to show that 
||^Af(7''7vu)|lL2(-^^^^^ ) -> 0. Arguing as above this estimate follows by 

9h9j29j39u 



(7.8) 



2^ (Slgn(j3)) |,Jm+l/2|,|m-l/2|- 11/21 •11/2 

b"i+j2|>A' 

(iiii2,i3j4)e.A4 



LHdp) 







as A?^ — )■ cxD and it can be proved following the same argument used above to estimate 
(|7.6p . This completes the proof of Lemma [7^ D 

Lemma 7.3. For every m > I we have: 

lim / nlrl-K Mu)dx = 

A'->oo J "' i^(d^™+l/2(")) 

where: 

(7.9) p{u) e Vsiu), \p{u)\ < m, \\p{u)\\ - 2m,|5(w) ^ u^-^a™^. 
Proof. We consider some specific p(m) that satisfy the assumptions: 

(7.10) p{u) = d'^^udZ^udZ^u 

3 

(7.11) y aj ^ 2m and ai,a2 < rn, a^ < m. 
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Notice that we have chosen p{u) sueh that the Hilbert transform H is not involved. 
By looking at the argument below and arguing as at the end of the proof of Propo- 
sition 16.11 one can deduce that indeed by the same technique one can treat any 
p{u) that satisfies the assumptions (I7.9|) 
In the context of (|7.10p . we have 



(7.12) / p%{u) = / T:>Nd^Hud,u)d^'ud^'u+ / Tr>Nd^'{ud,u)d^'udS'u 

TT>Nd'^^{ud^u)d'^^ud'^^u = In{u) + IIn{u) + IIIn{u). 
It is sufficient to prove that 

as A^ — > oo. 

We shall focus first on ||///Ar(7rArM)||i2(d/x„+i/2) — J^ as A^ — >■ oo, and hence by 
the Leibnitz rule we are reduced to prove: ||/J7^(7r7vw)||L2(d^„+i,2) ~^ ^ where 



with 

j + fc = ^3 + 1, < j, fc < ag + 1 < m + 1. 

In fact it is equivalent to 



(7-13) ^ b3ij2jzji9h9h9],9u 



0<|jl|,|j2|,|i3l,|J4l<Af 

\J3+U\>N 

Ol J2,J3,J4)6.A4 



L^(dp) 



where: 

b 



^^^^^3]i 1^-^ |m+i/2_j I J2 |m+l/2-fe I jg |m+l/2-ai | j^ |m+l/2-a2 ' 

Hence by (|7.1ip we get 

(7.14) 6j,,2.3.4 < |j,|m+l/2-,|j2|™+l/2-fe|^3|3/2|j-^|3/2 

Following the same argument used to deduce (|7.6p it is sufficient to prove ()7.13p 
where the condition j G Ai replaced by j G An and j G A% (where we used the 
notation j = {ji,J2,J3,J4))- 

In the first case (i.e. we get j e A4 in (|7.13p ) we can combine Corollary 12.41 
with an orthogonality argument and we are reduced to show 

(7-15) > -—-TT^ — , 1 Ti . n — II OI.I . iQi . n ~» as -^ ~> po 

0<bl|,b2|,|j3|,|:/4|,b5|<A' 
|i3+J4|>A'_ 
(jl J2 J3 J4)e^4 

where j, k satisfy 0<j,k<m + l,j + k<m + l. By symmetry we can assume 
that < k < j. Next we consider several cases. 
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• j = m. Then k < I and we get 
1 



< 



and hence the Lh.s. of (|7.15p is 0( ''jyi^ J , where we used the fact that 



\J3+J4\ > N imphes max{|J3|, \ji\} > N/2. 
• j = m + I. Then fc = and hence 

1 < lii 



\j^\2m+l-2j\^^\2m+l-2k\^^\3\j^\3 - | j^ |3 |j3 13 |^-^ |3 ' 

By combining the fact |J3 +J4I > N imphes max{|_j3|, |j4|} > N/2 with 



ln^r^ 



Lemma [3. 4[ we get that the Lh.s. in (17.15^ is O^ ^ 
• j < m — 1. Then k < m — 1 and we deduce 

1 1 

< 



\j^\2m+l-2j\j^\2m+l-2ky^\3\j^\3- \j,\3\j^\3\j^\3\j^\3 ' 

Hence we get that the Lh.s. in (|7.15p is 0( -^ J , where we used the fact that 

\J3+J4\ > N imphes max{|j3|, IJ4I} > N/2. 
Next we focus on the proof of (|7.13p in the case that the constraint j e A4 is 
replaced by j G A\, where as usual j = {ji,J2,J3,J4)- By combining Remark 12.11 
with the Minkowski inequality, and by recalling (|7.14p , we deduce that the estimate 
(j7.13p (where the constraint j £ A4 is replaced by j G A1) follows by: 

(7.16) V ,,, ^„ .,„ ^„ , ^Oas A^^oo 

^ ' Z_/ U, m+2-j 7 m+2-fe 

0<\hl,lk\<N ' ' ' ' 

\h+l\>N 

where j, k satisfy 0<j,k<m + l, j + k<m + l. Again by symmetry, we may 
assume k < j. As a consequence 

1 1 

< 



\Um+2-j\l\m+2-k 

and (|7.16l) follows by Lemma [01 
Concerning the proof of 

\\lN{TTNu)\\L2(dij,^^,,^), ||//Ar(7rArM)||L2(dM„+i/2) ^ 

(see (|7.12l) for the definition of /Ar(u) and IIn{u)) it is easy to see that the estimates 
are equivalent, hence let's focus on ||/Ar(7rjvw)||L2((i^^^j ,3) — > 0. By the Leibnitz 

rule we are reduced to prove: \\Ipj{TrNu)\\ — > as A^ — > 00 where 



(7.17) j + fc = ai + 1, < j, fc < ai + 1 < m. 

In fact it is equivalent to 



('•1°) / , '^jlJ2J3Ji9jl9j29j39ji 



0<lii|,b2|,b3l,b4|<A' 

\h+34\>N 

(il.i2,J3,J4)6^4 



L^(dp) 
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where 

1 



-n32]3]i 1^-^ |m+l/2-j I J2 |m+l/2-fe I J3 |m+l/2-a2 | j^ |m+l/2-a3 ' 

Hence by (|7.17p and by recalling that ai,a2 < m (see (|7.1ip ). we get easily 

Following the same argument as above it is sufficient to prove (|7.18p under the 
condition j G A4 replaced by j € A4 and j € A% (where we used the notation 
3 — (jii J2, J3,i4))- In the first case (i.e. we get j £ Ai in (|7.18l) ') we can combine 
CoroUarv 12.41 with an orthogonality argument and we are reduced to show 

\J3+ji\>N 

where we have used Lemma 13.11 at the last step. In the case that the constraint 
j G Aa is replaced by j G Al in (|7.18p then, by combining Remark 12.11 with the 
Minkowski inequality, and by recalling (j7.19p . we deduce that the estimate (|7.18p 
follows by: 

0<|/i|,|fe|<W I'll 0<|h|,|fc|<Af I'll 
\h+l\>N \h+l\>N 

where we used Lemma [01 to estimate the first term, and the fact that |/i + fc| > N 
implies max{|/i|, |fc|} > N/2, to estimate the second term. This completes the proof 
of Lemma 17.31 D 



Lemma 7.4. For every m > 1 we have 

lim / p*jw(TrNu)dx 

Af^-oo J 

where: 



L^(.d.P-m + l/2) 



p{u) e Vi{u), \p{u)\ < m, \\p{u)\\ = 2m - 1. 

Proof. Again by the argument at the end of Proposition 16. 1[ we can obtain that it 
suffices to treat the case 

(7.21) p{u) = d'^^ud'^^ud'^'^ud'/^^u 

4 

(7.22) > oti — 2m — 1 and max Ui — ua < m. 

^-^ i=l,2,3,4 

i=l 

By explicit expression of p]^ [u) we get 

(7.23) I p*j^{u)dx^ f n>NdS'iud^u)d^^ud^''ud^^udx 

+ f Tr>Nd^'iud^u)d^'ud^'ud^''udx+ j T:>Nd^''{ud-^u)d^^ud^^ud^'udx 

= In{u) + IIn{u) + IIIn{u) + IVn{u). 
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It is sufBcient to prove that 

|j///jv(7rjvu)||L2(dM„.+i/2)' UVN{TrNu)\\L^dt,^+^,2) -> as N -> oo. 
In fact by symmetry the first three terms above are equivalent, hence we shaU focus 

on the proof of \\lN{TTNu)\\L^dp.^+i^2) ^ ^^^ \\^^N{TrNu)\\L2{dt,^+i^2) ^ as 
iV^ oo. 

Estimates for \\IVN{^TNu)\\L^d^J.^+l^2) 

Notice that by the Leibnitz rule it is sufficient to prove ||/Vj^(7rjvu)|| -^ as A^ — > oo 
where 

(7.24) j + fc = a4 + l <TO + 1, j,k>0. 

It is sufficient to prove that 

('•^'^J 2^ "jlJ2J3JiJ59jl9j29j39ji9j5 

0<Ul[,[32\,\J3[,\34\,\J5\<N 

\34+J5\>N 

(,jl,J2,J3,ji,J5)&A5 

where 
(7.26) 

, ^ 1 

jlJ2J3J4,35 y^ |m + l/2-ai | j^ |ni+l/2-a2 | j^ |m+l/2-Q3 | j^ |m+l/2-j | j^ |m+l/2-fe ' 

Due to (L^ we get 

(7.27) "J1J2J3J4J5 — 



L^(dp) 



Following the same argument used to deduce (17. 6p . it is sufficient to prove (|7.25p 
with the condition j £ A5 replaced respectively by j £ A5 and j G A^ (where 
we used the notation j = (ji, J2, J3, J4, js))- In the first case (i.e. when j G A5 
in (j7.25p ) we can combine CoroUarv 12.41 with an orthogonality argument and by 
(|7.27l) . we are reduced to show: 
(7.28) 

"V 1 

Z^ |7J3|,- |3|„- |3|,- |2m+l-2j| ■ |2m+l-2fe ^ as iV ^ OO 

0<\n\,\j2l,\j3\,\u\,\j.\<N l-^ll l^2| |J3| |J4| U5| 

\J4+J5\>N 
(jl j'2 ,i3,i4 ,i5)G-45 

where j, k satisfy (|7.24p . By symmetry, we can assume that j < k. Next we consider 
several cases. 

• k = m. Then in this case by (|7.24p we get j < 1 and hence (|7.28p follows 

by 

\jl+l2+i3\>N 
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where we used the fact that \ji +J2+J3\ > N impUes max{|ji|, |J2|, Ijs]} > 
N/3. 

• k ^ m+ 1. Then j = and hence (|7.28p foUows by 

„..,,., f^,.,,.,<^|jlP|j2P|j3Pb4P V N J 

0<\n\,\32\,U3\,\j4\,\j5\<N 

\J4+J5\>N 

\jl+J2+J3\>N' 

where we used Lemnia [3.4l in conjunction with the fact that | ji+i2+J3| > N 
impHes niax{|ji|, \J2\, Ijsl} > N/3. 

• fc < m — 1. Then j < m — 1 and therefore (|7.28p follows by 

lii+j2+i3|>A' 

where we used the fact that \ji + J2 + jsl > N implies max{|ji|, |J2|, Ijal} > 

N/3. 

Next we focus on the proof of (|7.25p in the case that the constraint j E A^ is 
replaced by j £ A^, where as usual j = (ji, J2, J3, J4, js)- Notice that by (|2.4p 
(where the union is disjoint for ti = 5 by Remark 1 2. 2 p and by Minkowski inequality, 
it is sufficient to prove that 

N 

/ , / J ^3lJ2JaJ4J59jl9j29j39ji9j5 

J=i 0<|ji|,b-2|,b3!,b4|,b5|<A' 

\J4+J5\>N _ 
iJl-J2,ja,ji,J5)£Al'^ 

(see (|7.26p for definition of bj^j^j^j^j^ ) , that in turn due to (12.61) follows by 

N 



^0 



(' -^y) 2_^ 7 y '^3ii2J3Jiji.9ji9j29js,9ji9j5 



J=i 0<|ii|,|i2|,|i3Mi4|,b5|<w 
li4+i5|>A' 

(Jl,j2,j3,j4j5)ei35'''"'''' 



^0 

L2(dp) 



with (Z,q) = (1,2), (1,3), (1,4), (1,5), (2, 3), (2, 4), (2, 5), (3, 4), (3, 5). Indeed we 
have excluded the possibility (Z,q) ~ (4, 5) sincefor every (ji, j2, J3, J4, js) G .Bg''''' ' ' 
we get |j4 + J5I = li ~ j| = which is in contradiction with the constrained 
\h + J5I > -^ that appears in (|7.29p . In fact arguing as we did along the proof of 
Proposition l4.1l ('sce below (|4.5p ) we can also exclude also [l, q) — (1, 2), (1, 3), (2, 3). 
Hence we remain with the cases: {l,q) — (1,4), (1,5), (2,4), (2,5), (3,4), (3,5). By 
the symmetry of the roles of ai, a2, 0:3 and by a symmetry of the roles of j, k, we 
obtain that, it suffices to consider the case (Z, q) = (1, 4). 

By using the orthogonality stated in Corollary 12.61 the estimate (|7.29p follows 

by 

N 1 

(7.30) y ( y Kj^jauj, 1 2) = ^ as TV ^ 00 

i4=i 0<|i2|,li3l,li5l<Af 

J2+J3+35=0 
\32+33-J4\>N 

where used the fact that ji = — J4 to get the constraint \J2 + js — J4I > N. We now 
consider three cases according to the values of j and k 
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• j = m+ 1. Th en fc = and thus {bj^j^j^j^j.^ p < |j,p|j3|44P|j5P ' ^^^^^ *^® 
l.h.s. in ()7.30p can be estimated by 

JV ill 

(7-31) "E^f H ,.,„. ,„.„ )"^q(^) 

J4 = l l-^'" 0<|j2|,|i3l,b-5l<A' '-^ ' '■^^' '■^^' ^ 

b4+J5|>Af 

where we used Lemma 13.31 

• k = m + l. Then j = and hence {bj^j^j^j^jr^ P < ijaiail/a'pij^ie ■ In this case 
the l.h.s. in (j7.30p can be estimated by 

^ |j4P V ^ li2P|73|3y \^fNr 

J2+J3+i5=0 
|J2+i3-J4|>JV 

where we have used that |j5| < A'^ and the summation on js can be ignored 
together with the bound max(|J2|, Ijal, |J4|) > A^/3. 

• j.k < m. In this case 16,. i,,,,.,-^!^ < , - .-x, . ,1, ■ u, - , ■ Hence the Lh.s. in 

■'J — ' J4,J2J3JiJ5\ — \j2\-'\j3r\ji\*\]5\ 

()7.30p can be estimated by 

54 — J- U<|J2|,|J3MJ5|<JV 

\J2-J3+ji\>N 

where we have used that max(|j2|, Ijsl, |j4|) > N/3. 
Estimates for \\lN{TrNu)\\L^dt,„,_^i,2) 

RecaU that In (u) is defined in (|7.23p . Notice that by the Leibnitz rule it is sufficient 
to prove \\I-jy{TTNu)\\ — > as A^ — > oo where 

(7.33) j + k^ai + l<m, j, /c > 0. 

It is sufficient to prove that 



(7-34) Y^ &iU2j3j4j5 5jl5j2 5j3 5j4 5j5 



0<lii|,li2|,li3l,li4|,|j5|<Af 

\jl+J2\>N 
(il J2 J3 J4 J'5)G^5 



^0 

L2{dp) 



where 
(7.35) 



jlJ2J3HJ5 |^-^|m+l/2-j|J2|m+l/2-fe|J3|m+l/2-a2|J4|m+l/2-a3|J5|m+l/ 

Hence due to (|7.22p we get 



(7.36) fc,u..3j4.5 < |^.^|™+l/2-,|^-^|™+l/2-fe|^3|3/2|^-^|3/2|^-^|™+l/2- 

Notice that in the case a^ < m then the estimate above reduces to 

1 



(7.37) b,. 



J2J3J4Ji 



< 



\j^\m+l/2-j \j^ |™+l/2-fc |j3 |3/2 |_^-^ |3/2 j^-^ |3/2 
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which actually is equivalent to ()7.27p . Since moreover the condition (|7.33p is more 
restrictive than (|7.24|) (since ai < m by assumption, while in ()7.24[) a^ could be 
equal to m) we deduce that the estimate for In can be done exactly as we did for 
IVn in the case 04 < m. 

Next we focus on the case a^ = m. By a symmetry argument, we can assume 
that j < k and therefore by (|7.33p we get j < m — 1, k < m. Thus by (|7.36|) we 
deduce the following estimate: 



(7.38) b,. 



< 



1 



Following the same argument used to prove (|7.25p it is sufhcient to prove (|7.34[) with 
the condition j € ^5 replaced by j £ A5 and j € A^ (where we used the notation 
J = (ill J2, J3, J4, Js))- In the first case (i.e. when we consider the constraint j S A5 
in (|7.34p ) we can combine Corollary 12.41 with an orthogonality argument and by 
dLSSl), and ((7:34)) follows by 

^^■^^^ ,,,.,,., ^, .,, . ,<^ b-iPlj2lb3P|j4Pb5l ^ ^^~rr 

\3i+J2\>N 

(jl J2 J3 J4 j'5)6-A5 

where we used Lemma 13.11 Next we focus on the proof of (|7.34l) in the case that 
the constraint j e A5 is replaced by j £ A^ . Then arguing as above it is sufficient 
to prove 

N 

"^ 



(7.40) J2\\ Yl bh]2]?M:,9]i9]29h9H9h 



J = l 0<|jl|,|j2|,|j3Mj4|,b>.|<W 
\jl+]2\>N 



L^(dp) 



with (/, q) = (1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5). In fact by looking at the symme- 
tries of the r.h.s. in (|7.38p we can restrict to (/, q) — (1, 3), (1, 5), (2, 3), (2, 5). 

• {l,q) = (1,5). By using the orthogonality stated in CoroUarv 12.61 and by 
recalling (|7.38l) . we deduce that the estimate (I7.40p follows provided that : 

^ 1 - 

(7.41) Vf V -—-—————-)' ^ as /^ ^ cx). 

Ji=i 0<|j2|,|j3Mi4|<A' i-^^' \-i^\\-iJ'\ i-'4i 

b3+j4-jl|>-'V 

Using that max(|j'i|, jjaj, |J4|) > A^/3, we obtain that the last expression is 
0(1=^). 

• (Z, (7) = (1, 3). Arguing as above we are reduced to prove 

y^ ( y^ I . iKi . II . 1,1 . 1 ) -^ as A^^ 00 

bi+j2l>Af 
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which follows by 

\jl+]2\>N 

where we used Lemma |3. II (observe that we introduced artificially a sum in 

Ji)- 
• {I, q) = (2, 5). Arguing as above we are reduced to prove 

J2-1 0<|jl|,|j3|,|j4|<A' 

\J1+J2\>N 

which follows by 

^^ ^ |jiP|j2p/ ""^VvW 

J2 = l 0<|ii|<Af '"'^' '■^''' ^ 

\jl+]2\>N 



where we have used Lemma 
• {I, q) = (2, 3). Arguing as above we are reduced to prove 

^ 1 - 

^ ( ^ liJ3|,j4|. |3|. i ) ' ^ as iV ^ oo 

Iii+j2|>w 
which follows by 

lii+j2|>Af 
where we used the fact that |ji + J2I > N implies max{ji, J2} > A^/2. 
This completes the proof of Lemma 17.41 D 



Lemma 7.5. For every fc > 5, to > 1 we have: 



lim 

N-^oc 



plf{lTNU)dx 



= 

i^(dA«n, + l/2) 



where 

(7.42) p(u) G Vk{u), \p{u)\ < TO - 1, ||p(m)|| < 2m - 2. 

Proof. Again, we will consider only some specific p{u) that satisfy the assumptions 
(|7.42p . Arguing as at the end of Proposition 16. 11 one deduce that the argument we 
give is rather general and can be adapted to any p{u) that satisfies (|7.42p . More 
precisely we assume: 

(7.43) p(w) = nj-^ia^^u, 

fe 

(7.44) y a^ < 2to - 2 and sup {aj} < to - 1. 

, j = l....,k 
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Then we have the following expression 

Hence the proof follows by |!^i(7''A''")|!L2(^^^^^^2) — ^ as A^ — > oo for every i — 
l,...,fc. 

By symmetry we focus on Ii;{'!T]^u), all the other terms are equivalent. By the 
Leibnitz rule, it is sufficient to estimate expressions of the following type 

(7.45) \\FN{TTNu)\\L2(d^.^^,,,) ^ as iV ^ oo 
where Fjv(w) = / {ll'^lld"' u)Tr>N{dSud^u)dx with 

(7.46) a < m, P < m,aj < m — 1, j = 1, ..., fc — 1. 
In fact the estimate (|7.45p follows by 

(7-47) J2 K-3k+i93i-9jf.+i 



0<\ji\,...,\jk + i\<N 
\jk+Jk + i\>N 

{jl,---Jk + l}^Ak + l 

where 



^0 



n-3k^. ^k-l 1^.^ |,„+i/2-„. I J, |™+l/2-a I j-^^^ |™+l/2-/3 ' 

By (pTIel we get 

|6„. ..,„., I < 



'"■■"""' nti^b-|3/2|^,|3/2|_^-^^^|l/2 

and hence by the Minkowski inequality (|7.47l) follows by 

\3k+3k+l\>N 
0'l,---,ifc+l)G^fc + l 

y- 1 

o<bi|,...,|j.|<iv-^^«=il-^'l l-^*^! 

\ji + ...+jk-i\>N 

~^ ^ n^-iu-j3/2 ='^V7Afy 

\ji + ...+jk-i\>N 

where we have used the fact that if |ji + ... + jfe-i| > N then max{|ji|, ..., |jfc-i|} > 
■^j3j- . This completes the proof of Lemma 17.51 D 

8. Proof of Theorem 11.21 for fc = 2™ + 1 

We shall need some extra informations (compared with the description given in 
(j5.3p ') on the structure of the conservation laws £'a;/2 with k odd. 

Proposition 8.1. Let k = 2m + 1. Then one may assume that the only term,s of 
the second term in the right hand- side of (|5.3p are given by (up to coefficient): 



u{Hd^u){Hd^u)dx, I ud^ud^udx, / u{Hd^u)d^udx 
for a suitable constant c. 
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Proof. In [27] we have introduced the fohowing notation. We note by A° the identity 
map while for n > 1, A" stays for an operator of the form (ci + C2H)d™, where ci, 
C2 are constants. Then we have proved in [27] (see Lemma 2.4), fohowing Matsuno 
[14) . that the cubic contribution on the second term in the r.h.s. in (|5.3p is given 

by 

(8.1) f A^^{u)A^^{u)A^'{u)dx 

ji + J2 + J3 = 2m. 
The conclusion follows as in [22 • This completes the proof of Proposition 18. II D 

Remark 8.1. The main interest in Proposition 18.11 is that in order to prove the 
property limAr^oo \\G'n ('")IU^(rfAim+i/2) ~ ^ (which by Proposition 3.4 in 27i is 
related with limAr^oo || /PAr(''''A')^'^^lii2(rfMm+i/2) ~ '^)' then we can exclude from 
our analysis the terms p{u) than in principle could appear in the second term of the 
right hand-side of (15.31) and which are different from the ones which are isolated in 
Proposition 18. II In fact this is more than a simplification, since it is easy to check 
that there exist p{u) which in principle could appear in the second term of the right 
hand-side of (J5.3I) and for which our analysis in Lemma 17.21 fails. 



Next, we introduce for every fc = 0, . . . , 2m + 1 the function 

G^'^(UO) : SUpp(^„+i/2) 3 UQt > ^£^fc/2(7I"JV$*Ar(uo))t=0- 

According to Proposition 5.4 in 27 , in order to prove Theorem II. 21 for k = 2m- 
it is sufficient to prove the following proposition. 

Proposition 8.2. Let m > 1, then we have 



2m+l 

im 

N 



J^'^L Yl ll^/V^(")lli"('iM™+i/2) =0- 



fc=0 

1 L" /2, 

Remark 8.2. The property finiAr-^oo X]fe=o ll^jv (")lli'^(rfMm+i/2) ~ *-* follows from 
the fact that Eif2{'^N^t' {uj) = const and ||7rAr$f'(M)||i2 = const. Recall also 
that by Proposition 14.11 we get limjv_j.oo \\G}^{u)\\i^2m^^\ — 0, that in turn implies 
limw-i-oo \\Glf{u)\\L2^j_^^ -f ~ (for a proof of this last fact see the end of the proof 

of Proposition [Q] where the property \\Gjj (w)||l2(^^2) — >• is recovered from the 

knowledge \\Gj^ iu)\\L^(diJ.3/2) ~^ 0). As a consequence of those facts we deduce 

Proposition 18 . 2 1 for m = 1 provided that lim7v_yoo ||G^ {u)\\L^{d.fi3,2) — 0- 

Remark 8.3. We claim that, for any m > 1, Proposition 18.21 follows provided that 
we prove 

(8.2) ^linr^ \\Gl+'/\u)\\md^^^,,2) =0, V n < m. 

If we have (18. 2p then one can deduce that limAr_>oo ||G^ ('^)IU^(dAim+i/2) — ^ (fo^^ 
a proof of this fact see Remark 18.21 and the second part of the proof of Proposi- 
tion l6.ip . Moreover, we also have that ||G^(u)||i2((j^j) — >• as A^ — >■ oo for every 
integer I < m + 1/2. Indeed, for Z > 3 this property is proved in [37] and for 
/ = 1,2 it follows from Propositions 14.11 and 16.11 Arguing as above, it implies 
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l|G'jv(")llL2(d^i,„_i_i,2) — > as A^ — > oo, for every integer I < 171 + 1/2. Thus indeed, 
Proposition 18.21 foUows provided that we prove 



Proof of Proposition \8.2[ According to Remark 18.31 it is sufficient to prove 
i.e. finiAr^oo IIG^'*' (w)llL2(dAi,„+i/2) = for any m > 1. This property fohows by 
combining the exphcit expression of G^ (wq) (see Proposition 3.4 in [27]) with 
Lemma 17. 2[ 17.31 17.41 17.51 and Proposition 18.11 (where are isolated the unique cubic 
terms that are involved in the second term of the right hand-side of (|5.3|) and that 
are treated in Lemma [721) . D 



9. Proof of Theorem 11.31 



Having Theorem 11.21 at our disposal, the proof of Theorem 11.31 for fc > 5 is the 
same as in our previous work [27]. Indeed, as in [27], the proof of (|1.7|) follows by 
the classical energy method. Therefore, in this section, we shall only treat the case 
fc = 4 which, compared to |27j , needs some modifications using the dispersive effect 
in the local analysis. 

Along this section we denote by B'^{R) the ball of radius i?, centered at the 
origin of H"^ . 

Proposition 9.1. There exists 7 > such that for every s > 5/4 there exist 
C > and Cs > such that for every R > 1, if we set T = CsR^^ then for every 
uq e B'iR), every N > 1, 

ll«'t(uo)||L~([0,T];H») < B + R'\ |15:,$t(uo)|lLl([O.T];L-) < CR'^ 

and 

||$f(uo)|U-([O.T];H^) <R + R-\ ||a,$f(uo)||Li([O.T];L-) <CR\ 



Proof of Proposition \9.1[ We only prove the first a priori bound, the proof of the 
second being very similar since the projector ttn does not affect the analysis we 
perform below. We shall need the following version of Strichartz estimates for 
gt-H^^i . Its proof follows by the same estimate on operator e**'^^ in the periodic case, 
first proved in iS] in the setting of a general manifold. 

Lemma 9.2. There exists C > such that for every L — 2'' , I £ N we have 

||e*^^'(AiUo)llL4([o,i/L];Lo.) < C\\AlUo\\l- 

and 

II f e(*-^)^^'AiG(s)ds|U4([o,i/i];ioo)<C||ALG||Li([o,i/i];L2) 
Jo 

where {Al}^^2',;ien *■* ^^6 usual Littlewood-Paley partition. 

Here is the key a priori estimate. 
Lemma 9.3. Let s > 5/4. Then there exists C such that for every T G [0, 1], 

I|m||li([0,T];L~) + \\dxU\\L\[0,T]-L-^) < GT^^"* (||u||ioo([o,T];if ^ + II"I1l~([0,T];H=)) 

where u is a smooth solution to (|1.1|) . 
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Proof. Let Al be a Littlewood-Paley partition and assume that 

(9.1) vt + Hdlv = d.,F 

For every interval / = [a, h) with |a — 5| = T / L we get by the Holder inequqlity 

(9.2) \\^lv\\l]l^ < \inALu\\r.^r.^ 

and hence, by the integral formulation of (j9.ip in conjunction with Lemma l9.2i we 
can continue 

(9.3) ... < CT3/4L-3/4||e*^9^AL<a)|U4^^ + CT^/^L-^/^H A^9,i^|l^j^, 

< CT3/4L-3/4||Aii;(a)|U2 +CT3/4||AiF|l^,^V4 . 

Next we split the interval [0,T] as a disjoint union [0,r] = U^^j^/j with \Ij\ = T/L 
and Ij — [aj,aj+i]. Then by combining the estimates (|9.2p and (|9.3p we get 

(9.4) II Ai^lLj ^. < CT3/4l-3/4||a^„( )|| + CT3/4||AiF||^, ^./^ 

J Ij 

for every j = 1, ...,L. Next we consider the sum for j — 1, ...,i of the estimates 
(lOl). First notice that 



(9.5) ^L-'V4||A^t;(a,)|U. =^Li/4+e|jA^„(^^.)|j^^^-i-. 

L 

< 51 W^MWhU'^+^L-^'^ < CL-"||t;||ioo([o_T];i/i/4+.) • 
On the other hand we have 

L 

(9-6) ^||Aii;||^i^i^ = ||ALi'||ii([o.T];L~) 

and 

L 

(9.7) V ||AlF||m hi;, = ||ALF||ii([o.T];j,i/4) . 
i=i 

By combining ([Q]) . ([9?5|) . (|9?6| and (|9J| then we get 

(9.8) ||ALt)||ii([o^T];L°-) < C'^^'^(-^^1kllL-^([0,T];_Hi/4+«) + || Al-F|| ^i([o_j.].^i/4)) . 

Next, notice that 
/ , I|Al-P'IIli([o,t];_hi/4) < 2^ IIAlFII^iqo .r].^i/4+.)L~'' < C||F||ii([o,T];Hi/4+.). 

L L 

Hence by summing in L the estimates (j9.8p , and by using the Minkowski inequality 
on the l.h.s., we deduce 

(9.9) ||w|Ui([o, T];L~) < C'T^'^||w||ioo([o^T];Hi/4+.) + C'T^/'*||F||^i([o j.].^i/4+.) 

where v,F are related by (|9.ip . Next, notice that if we denote v = dxU then by 
((LT|) we get 

dtv + Hd^v — dx[uv). 
Hence we can apply the estimate (|9.9I) (with F — uv) and we get 

(9.10) ||z;|Ui([o,T];L~) < CT3/^||z;|L..([o,j,]^^i/4+.) + CT^'^\\uv\\I^^^^y^^r]■,H-/-^n 
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which implies, by recalling that v — dxU, 

(9.11) ||a.^||Li([0,T];L-) < CT^/''\\uh..ao,T];HW^^^) + C'T^/^\\u^lH[O.T],HV^+')- 

We conclude since if^/'*+^ is an algebra. The estimate for ||u||li([o, t];L~) is very 
similar (simpler) and hence its proof will be omitted. This completes the proof of 
Lemma 19.31 D 



Let us now complete the proof of Proposition l9.1l The classical energy inequality 
and the Kato-Ponce commutator estimate (see [11]) yield 

(9.12) ||u||Loo([o,f];if=) < \\u{0)\\h^ exp (C(||9^M|lii([o,f];Loo) + |lw|lii([o,t];Loo))) 

(the term ||u||li(o, t)L°° appears when localizing the estimate in the euclidean case 
to the case of the torus). Hence by Lemma [9.31 we get: 

X{t) < ||u(0)||H=e^^'''(^W+(^(*))') , Vi e [0,T], 
where 

X{t) = ||u|lL=o([0,t];H.) 

and T > is to be fixed as in the statement of Proposition 19.11 This implies that 

(9.13) {Xit), t e (0, T)} c {y > : Friy) < R} , 

where Fxiy) = ye~^ '■^^^ '. Observe that Ft{0) = Ft (oo) = and there exists 
yrp ^ 2^-3/4 gyf-jj |;]-^g^^ y^ jg f^Q maxlmum of Ft on [0,+oo). Moreover, Ft is 
increasing in [0, j/t] and decreasing in [yp, oo). We choose T = cR^^ , where c ^ 1 
is a small constant. We observe that, if 7 > 3/4 then R < yT- Moreover, a 
direct computation shows that for 7 large enough and c small enough, one has 
FtIR + R^^) > R. Therefore by a continuity argument X{t) < R + R^^. This 
completes the proof of Proposition 19. II D 

The next proposition is a version of (|1.7I) in the case k — 2. 
Proposition 9.4. Fix 5/4 < s < a < 3/2. For every R > we have 

(9.14) lim ( sup ||$t(uo)-*f(uo)lkO =0' 



where T = c^R '' is fixed in Proposition\97J\ 

Thanks to Proposition 19.11 the proof of Proposition 19.41 is a straightforward 
adaptation of the proof of [571 Proposition 4.1]. 

Thanks to Proposition 19. 4i as in [27", Lemma 5.6] one can show that for every 
compact set K of H'^ one has P2.r{K) < p2.B.{^t{K)), where t is sufficiently small, 
depending on K. In order to extend this property to any time one needs the 
following statement. 

Proposition 9.5. Let a > 5/4, t > and K a compact set of H'^ . Then there 
exists R>0 such that {<^r{K), < t <t} C B''{R). 

Proposition 19. 51 follows from the propagation of higher Sobolev regularity which 
is a byproduct of the well-posedness result of Molinet [TB] . 
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Remark 9.1. Observe that one may prove a suitable substitute of Proposition 19.51 
which avoids the use of [16] . More precisely thanks to Proposition 19.11 (the precise 
form R + R~^ of the bound is of importance) , we can prove the analogue of [5J 
Proposition 8.6] which in turn implies the suitable substitute of Proposition 19.51 
The advantage of such an argument is that it does not rely on on a global regularity 
result on the support of the measure and it uses the measure invariance to get long 
time regularity bounds. 

Using Proposition 19.51 one can complete the proof of Theorem 11.31 in the case 
k ~ 4 exactly as in the last page of [27] . 

10. Appendix. A brief comparing of the recurrence properties of the 
Benjamin-Ono and KdV equations flows 

10.1. Recurrence properties of the KdV equation. Consider the KdV equa- 
tion, posed on the torus 

+ ud^u = 0, {t, x) e R X M/27rZ 



(10.1) 


dtu + d^u 


with initial data 




(10.2) 


u(0) == Mo 



Mo e ff''(IR/27rZ;R), s = 0,1,2,... 

The KdV equation is another fundamental dispersive model which is better un- 
derstood compared to the Benjamin-Ono equation. The problem (|10.ip - (|10.2p is 
globally well-posed (see [2]). In particular the solution may be seen as a continuous 
curve in C(K;i?''). This well-posendess result says little about the long time be- 
havior of the solutions. One can however prove the following remarkable statement 
concerning the KdV flow (see [^1151). 

Theorem 10.1. The KdV flow is almost periodic in time. Namely, if u is a 
solution of (|10.ip - (|10.2l) then for every e there exists an almost period l^ such that 
for every interval I of size > ^ there exists t £ I such that for every t G M, 

\\u{t + T) ~u{t)\\H- < e. 

The proof of this result is based on the solution of the inverse spectral problem 
associated to the Hill operator —d^ -f V{x), where V G H^ is a periodic potential. 
A direct consequence of Theorem 1 10. II is the following statement. 

Corollary 10.2. The KdV flow is recurrent in time : for every uo G H^ there 
is a sequence {tn) going to infinity such that the corresponding solution of (jlO.ip - 
(110.21) satisfies 

lim \\u{tn) - uoIIh- = 0. 

10.2. Recurrence properties of the Benjamin-Ono equation. Consider now 
the Benjamin-Ono (BO) equation, posed on the torus 

(10.3) dtu -h Hdlu + ud^u = 0, {t, a;) G R x R/27rZ 
with initial data 

(10.4) u(0) =Mo G i/"(M/27rZ;M), s = 0,1,2,... 
Recah that the problem ([TU3)) - ([T(Ii)) is globally well-posed JB]. 



38 NIKOLAY TZVETKOV AND NICOLA VISCIGLIA 

Consider the initial data for (|10.3p of the form 
(10.5) uoix) = ^ ^e"% fc = 4, 5, 6, 7, . . . 

where gn{^) = ^n(w) + iZ„(a;), /i„,Z„ G A/'(0, 1), {hn,ln)n>o are independent and 
g-n = 'g^. Then Theorem 11.31 and the Poincare recurrence theorem imply the 
following statement. 

Theorem 10.3. For almost every lo the solution of the Benjamin-Ono equation 
with data given by (|10.5|) is recurrent (with convergence in H^ , s < -^ ~ 2)- 

We also have the following deterministic corollary. 

Corollary 10.4. Fix an integer m > 0. Then there exists a dense set Fm of H"^(T) 
such that for every uq G Fm the solution of the Benjamin-Ono equation with data 
Uo is recurrent. 

In view of the discussion for the KdV equation one may ask the following ques- 
tions : 

Question 1 : Can we take F,n ~ H"^ ? 

Question 2 : Is the Benjamin-Ono flow almost periodic, at least for small data ? 

Let us conclude by mentioning that for the Benjamin-Ono equation one may 
also try to approach the problem of the almost periodicity by the inverse scattering 
method. However, one needs to deal with non local operators in sharp contrast 
with the classical Hill operator occurring in the KdV context. For such operators 
one may hope to solve the corresponding direct and inverse problems for small 
potentials which is the motivation behind the smallness assumption in Question 2. 
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